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Abstract Noise is generated in a two-dimensional mixing layer due to the growing of instability
waves and vortex pairings. The adjoint-based control methodology has shown to be a robust tool to
suppress noise radiation. The mode decomposition algorithms such as the compressible version of
proper orthogonal decomposition (POD) and dynamic mode decomposition (DMD) are employed to
analyze the spatial/spatial-temporal coherent structures for a consecutive data sets of the controlled
mixing layer and its uncontrolled counterpart. The analyses of POD indicate that the y-direction
body force control mainly modify the most energetic spatial structures, and increase the uniformity
of the ﬂow. The analyses of DMD show us prevalent frequencies and corresponding mode structures,
and the stability characteristics of each mode can be obtained from DMD-spectrum. The spectral
signatures illustrate that a lot of neutral/slightly damping modes emerging in uncontrolled ﬂow within
the frequency range (ω < 0.4) are suppressed due to control, relevant spatial-temporal structures are
also varied, which is coincident with the change of far-ﬁeld noise spectra. From the view of mode
decomposition, the action of control redistribute the energy for frequency components of ω < 0.4 by
weakening nonlinearities and regularizing corresponding dynamic structures in streamwise direction,
and thus suppress the noise radiation. Moreover, the POD- and DMD-analysis in this study demon-
strate that DMD can serve as an important supplement for POD in analyzing a time-resolved physical
process. c© 2013 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1304207]
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Noise emitted by free shear ﬂows has been widely
studied,1,2 since the pioneer work of Lighthill.3,4 With
manipulation of the Navier–Stokes equations as what
Lighthill has done, Phillips,5 Lilley,6 and Goldstein7 de-
rive diﬀerent analogy equations and provide diﬀerent
forms of theoretical noise-deﬁnition. However, the clear
mechanism of sound generation is still masked by those
complex source terms. In recent thirty years, direct nu-
merical simulation (DNS)8,9 and large eddy simulation
(LES)10 of the low/high Reynolds-number jet enable us
to obtain some high ﬁdelity ﬂow/acoustic ﬁelds and to
analyze characteristics of the noise source qualitatively
and quantitatively. Even with improved understand-
ing of sound generation process, modeling of true sound
sources for real ﬂows is still staying at the early stage,
existed models like Reba et al.11 can only be used to
describe the simple mechanism.
Faced with the insuﬃcient knowledge of noise
sources and internal mechanism of sound production,
active control or even passive control of shear ﬂow noise
is particulary challenging. The idea of adjoint-based
optimization approach for noise control adopted by Wei
and Freund,12 which does not require much conscious
thought of sound sources achieved considerable suc-
cess for a two-dimensional spatially developing mixing
layer, this is extremely helpful for diagnosing the inter-
nal mechanisms of sound production. The work in Ref.
12 already shows that the mean and statistical quan-
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tities for the controlled ﬂow are only subtly changed
compared with its baseline, though the overall sound
intensity at target line is reduced by up to 50%. The
controlled ﬂow increases the uniformity in advection di-
rection indicated by proper orthogonal decomposition
(POD) analysis.
Based on the database presented in Ref. 12, Cav-
alieri et al.13 studied the intermittent behavior and its
relation with sound generation, who also addressed the
importance of the time-related dynamics that can easily
be overwhelmed in POD analysis. Recently, dynamic
mode decomposition (DMD) developed by Schmid14
can overcome this drawback. DMD not only can ex-
tract coherent structure, but also can provide informa-
tion about their temporal evolution.
In this study, the modes given by compressible ver-
sion of POD will be presented, which are compared with
results of Wei and Freund.12 In addition, the DMD
method is employed to identify the changes of time-
related dynamics between uncontrolled and controlled
ﬂows including the far-ﬁeld noise region. The eﬀec-
tiveness of DMD in analyses of noise-related ﬂows is
evaluated, which are rarely applied previously for such
ﬂows. The prevalent frequencies can be found in DMD-
spectrum, and corresponding mode structures can indi-
cate the radiation pattern and some source features. By
comparison, it is able to oﬀer a glimpse into underly-
ing source mechanism of noise generation, especially for
the noise related with instability waves and nonlinear
interactions.
The uncontrolled and y-direction body force con-
trolled mixing layers computed here are excited by eight
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randomized frequencies according to following formula
fi =
f0
4
(i+ α(i)), i = 1, 2, · · · , 8, (1)
where f0 is the most unstable frequency given by linear
stability analysis, and α(i) are random numbers between
−0.5 and 0.5. Simulation parameters and other imple-
mentation details about the computation can be found
in Refs. 12 and 13.
Figure 1 shows the sound intensity at the target
line y = −70δω. The largest decline of the overall sound
pressure level (OASPL) after control is about 4 dB near
x = 80δω compared with uncontrolled case. The noise
spectra at this location is displayed Fig. 2, it is found
that the reduction are mainly occurred in the frequency
range of ω < 0.4.
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Fig. 1. The overall sound pressure level (OASPL) at
y = −70δω.
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Fig. 2. The noise spectra at x = 80δω, y = −70δω.
Contrary to the POD adopted in Ref. 12, Rowley et
al.15 proposed a framework for applying POD to com-
pressible ﬂows that deﬁnes a family of inner products
containing both kinetic and thermal quantities. Then
for present cases, the inner product in Ref. 15 is deﬁned
as
〈q1, q2〉 =
∫
Ω
(u1u2 + v1v2 +
2
γ − 1a1a2)dV , (2)
where u, v are velocities, a is the speed of sound, and
Ω is the integration domain.
Figure 3 gives the relative energy of the prior modes.
Though present POD is more suitable for compressible
ﬂows, the energy distribution has not changed much
compared to results of Ref. 12. The lowest-order four
modes each captures over 10% of total energy, and their
mode structures (u-component) before and after control
are shown in Figs. 4(a) and 4(b), respectively. Com-
pared with uncontrolled ﬂow, an intuitive diﬀerence is
observed that the u-structures of mode 1 and 2 in con-
trolled ﬂow are spaced more regularly in x-direction,
and these structures are quite similar to energetic ones
of harmonic excited ﬂow as shown in Ref. 16. Moreover,
the time-dependent coeﬃcients show that the frequency
corresponding to the structure of mode 1 and 2 is higher
due to control.
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Fig. 3. The relative energy of the lowest-order modes.
Theoretically, the POD modes are built by averag-
ing process and only enforce spatial orthogonality, so a
single mode might preserve multiple frequencies which
will lead to loss of information about the temporal evo-
lution that might be important for certain physical pro-
cesses. The DMD method stems from a Koopman anal-
ysis of nonlinear dynamic systems, which can yield both
coherent structures and their temporal behavior,14 since
DMD modes are temporally orthogonal and can com-
promise spatial non-orthogonality.
Presently, DMD-analysis is performed using the al-
gorithm introduced in Ref. 17 for a physical domain
x ∈ (0, 100), y ∈ (−40δω, 40δω) (including entire hy-
drodynamic zone and partial sound ﬁeld) for snapshots
containing all ﬂow variables (ρ, u, v, p). For a sequence
of n snapshots {v1,v2, . . . ,vn} with equal time spacing
Δt, the DMD-algorithm is shortly introduced below.
The algorithm:17
V n−11 ← {v1,v2, ...,vn−1} ,
V n2 ← {v2,v3, ...,vn} ,
|Q,R| ← qr (V n−11 , 0) ,
S ← R−1QHV n2 ,
|X,D| ← eig (S) ,
λj ← log (Djj) /Δt,
DMj ← V n−11 X(:,j).
042007-3 Mode decomposition of a noise suppressed mixing layer Theor. Appl. Mech. Lett. 3, 042007 (2013)
Mode 1 Mode 2
Mode 3 Mode 4
Mode 1 Mode 2
Mode 3 Mode 4
x / δω x / δω
y
 /
 δ
ω
(a) Uncontrolled flow
0     20     40    60      80
y
 /
 δ
ω
 20
   0
 20
 20
   0
 20
0     20     40    60      80
y
 /
 δ
ω
y
 /
 δ
ω
 20
   0
 20
 20
   0
 20
x / δω x / δω
(b) Controlled flow
0     20     40    60      80 0     20     40    60      80
Fig. 4. u-component of the ﬁrst four POD modes. Solid line
represents positive value and dashed line represents negative
value.
Output: λj are the eigenvalues, and DMj represent
the dynamic mode.
The real part of eigenvalue λr denotes the growth
rate of the speciﬁed mode, while the image part λi rep-
resents the oscillation frequency (λi/2π = f). For a
nonlinear process with a suﬃcient long data sequence,
it is assumed that only neutrally stable modes should be
found, while the unstable structures will have saturated
and stable structures have been decayed. However, for
real complex ﬂows, this is rather diﬃcult to achieve,
since the system sometimes might be aﬀected by mul-
tiple unstable frequencies. The mixing layer develop-
ment is a strong nonlinear process, so here we use three
hundred snapshots (n = 300) to calculate the DMD-
spectrum. A few unstable modes with positive λr in
low frequency range still appear in the sampling period.
With the assumption that those unstable modes will
have vanished ﬁnally for a longer sampling period ex-
cept for some unsteady components of continuous trig-
gering signals, only neutrally stable or slightly damp-
ing modes will be considered in this study. The DMD-
spectrum of stable modes are shown in Fig. 5. The
eigenvalues are symmetrically distributed about λi = 0,
so Fig. 5 merely show the negative part of the spectrum
for convenience.
In both the uncontrolled and controlled ﬂows, there
is a eigenvalue located at the origin (λr = 0, λi = 0), the
relevant dynamic mode is corresponding to the mean
ﬂow structure, similar to the zeroth mode in a POD
analysis. For low frequencies with |λi| < 0.7 (f < 0.11),
there are clear distinctions of the distribution of eigen-
values between the two cases. As indicated by the
zone enclosed by dashed lines in Fig. 5(a), in con-
trast with the controlled ﬂow, there are more eigen-
values approaching the neutral line in the uncontrolled
ﬂow, which means that more modes damp faster due to
the action of control. The eigenvalues near λi = 0.56
diﬀer considerably between the two cases (as shown in
Fig. 5(b)). There are several modes clustered near the
naturally stable mode labeled “8” in the controlled case,
while the modes in the uncontrolled case are distributed
separately and damping rates are higher. With regard
to the eigenvalues of |λi| > 0.7 the two cases present no
remarkable diﬀerence, as shown in Fig. 5(c).
For a spatially developing mixing layer, the fre-
quency components are responses to two kinds of mech-
anism: one is the external forcing (e.g., the action of
control or inﬂow triggering), the other is the nonlinear
interaction between the basic frequencies, which will
produce new frequencies like the diﬀerence- and sum-
frequency. For generation of low frequencies (as shown
in Fig. 5(a)), one of the most important reasons is the
nonlinear diﬀerence frequency f1 − f2. In frequency
range of |λi| < 0.4, for the controlled ﬂow, less preva-
lent frequencies are found and more dynamic modes are
damped faster than its uncontrolled counterpart, which
might suggest that the control eﬀects accelerate the sat-
uration of the instability waves and weaken the nonlin-
earity. The study of Ref. 18 has shown that nonlinear
interaction between instability waves plays a critical role
in sound production. The variations of dynamic modes
for |λi| < 0.4 are accordant with the change of noise
spectrum in the farﬁeld for ω < 0.4 (as shown in Fig.
2), therefore, we suppose the weakened or canceled non-
linearity in this frequency range modiﬁes the dynamic
modes of the ﬂow system and thus reduces the noise ra-
diation. The diﬀerences in Fig. 5(b) should be caused
by the control, the relevant spatial structures will be
discussed in the following. These high frequency com-
ponents (as shown in Fig. 5(c)) are more highly concen-
trated and fall on parabolic arcs. The noise produced
by nonlinear interaction at this stage is relatively low
(as shown in Fig. 2), since the disturbances within the
frequency range |λi| > 0.7 estimated by linear stability
analysis of the mean ﬂow proﬁle at x = 0δω are intrin-
sically stable.
Figure 6 presents the structures of velocity for se-
lected modes with separated frequencies. For better
comparison, the selected four dynamic modes for the
two cases have similar frequencies. Despite the similar-
ities of the spatial structures between mode “DM-C”
and mode “DM-2”, the former mode contains less en-
ergy and has a delayed phase diﬀerence. Compared with
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Fig. 5. (a)–(c) DMD-spectrum of the controlled and un-
controlled ﬂows with varied range of λi. The dashed lines
enclose the zone where the distribution of eigenvalues has
signiﬁcant diﬀerence. The English alphabets are used to
mark the least stable few modes for the uncontrolled ﬂow,
and the Arabic numerals are similarly used for the controlled
ﬂow.
“DM-G” and “DM-J”, the shape and energy of “DM-3”
and “DM-4” are more uniformly distributed along the
streamwise direction, particulary for the latter part of
the physical domain. As for mode “DM-Q” and “DM-
7”, the frequency is relative high and structures are
more complicated, so it is harder to draw a clear distinc-
tion. Generally, the energy of the low-frequency mode
in the controlled case is higher, since a larger number of
slightly damping modes in the uncontrolled case decen-
tralized the total energy. After a careful examination of
low-frequency dynamic modes, it is found that there is
an underlying organization of the spatial structures for
the controlled ﬂow, similar to results given by POD (as
shown in Fig. 4).
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Fig. 6. Velocity structures of the selected modes (real part
of u-component) with solid line representing positive value
and dashed line representing negative value.
Besides the velocity structures, Fig. 7 plot the pres-
sure ﬁeld for selected modes of |λi| > 0.3. For lower
frequencies, the pressure contours concentrate in the
central region, which makes it diﬃcult to identify the
pattern of radiation. The “DMP-Q” and “DMP-7” of
the same frequency near ω = 0.36, gives indeed similar
pattern of pressure, the wavefronts originate in the same
position and travel downstream to upper and lower far-
ﬁeld with small aft angles. A higher frequency mode
(“DMP-S”) displays a more complex pressure mode,
more wavefronts from diﬀerent origins are observed and
they are produced by diﬀerent sound sources, which are
analogy to modes revealed by Fourier analysis19. Fur-
thermore, special attention is paid to the pressure ﬁeld
of mode “DM-8”(λi = 0.56), which most unlike its un-
controlled counterpart depicted in Fig. 5(b). In “DM-
8”, there are two clear wavefronts in the lower part, the
dominant one results from the pairing region. From Fig.
2, we can observe a peak at ω = 0.56 for both cases. In-
terestingly, noise at this frequency in controlled case has
not been reduced, but the DMD-analysis shows that the
two cases diﬀer greatly near this peak. It seems that the
action of control mainly shows its eﬀect on the hydro-
dynamic ﬁeld rather than canceling the physical noise
directly. We speculate that lower frequency dynamics
(ω < 0.4) should also be related to the changes around
ω = 0.56.
In summary, two kinds of decomposition techniques
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Fig. 7. Pressure (real) structures of the selected mode.
POD and DMD are employed to analyze the database of
a noised controlled mixing layer and its baseline. POD
identiﬁes the variation of energetic structure due to con-
trol, while the lost temporal information are well sup-
plemented by DMD analysis. It is observed that the
control takes eﬀect in the hydrodynamic ﬁeld around a
special frequency ω = 0.56, more neutrally stable and
slightly damped modes are found in controlled case.
The dynamic mode structures and their energy with
frequency ω lower than 0.4 are changed considerably
through weakened or canceled nonlinearity and thus re-
duce noise radiation. In a word, the DMD can be re-
garded as an important supplement for POD to assess
the dynamic behavior of ﬂuid ﬂows.
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